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We report the first comprehensive calculations of 2+ excitations with a microscopic theory ap-
plicable to over 90% of the known nuclei. The theory is based on a quantal collective Hamiltonian
in five dimensions in which the potential energy and the tensor of inertia are obtained from con-
strained triaxial Hartree-Fock-Bogoliubov calculations. The only parameters in theory are those of
the finite-range, density-dependent Gogny D1S interaction. The following properties of the lowest
2+ excitations are calculated: excitation energy, reduced transition probability, and spectroscopic
quadrupole moment. 519 nuclei are included in our survey, comprising all but 38 of the known
nuclei tabulated by Raman et al. [1]. We find that the theory is very reliable to classify the nuclei
by shape. Quantitatively the performance of the theory in deformed nuclei is excellent: average
excitation energies and transition quadrupole moments are within 5% of the experimental values,
and the dispersion about the averages are roughly 20% and 10%, respectively. The performance is
not as good on spherical and soft nuclei. Including all nuclei in the performance evaluation, the
average transition quadrupole moment is 11% too high and the dispersion about the mean is ∼ 20%.
For the energies, the average is 13% too high and the dispersion is ∼ 40%.
I. INTRODUCTION
A framework for a comprehensive theory of nuclear
structure has been discussed for a long time [2], but up to
now there has been no systematic evaluation of the accu-
racy or reliability of different methods used and their un-
derlying energy functionals. Methodologies based on self-
consistent mean field theory or density functional theory
have been extended in different ways with many of their
details dependent on the energy functional’s form. Ex-
cept for one new study [3], the extensions to treat prop-
erties of excited states have been tested only in limited
regions of nuclei. In this work we examine the properties
of the lowest 2+ excited state over the periodic table as
a whole, using a methodology and energy functional that
has been quite successful in previous studies of strongly
deformed nuclei [5, 6, 7] and soft nuclei [8, 9].
The present theory uses the Generator Coordinate
Method with the Gaussian Overlap Approximation
(GCM+GOA) to construct a collective Hamiltonian.
The elements of the theory are well-known in nuclear
physics [2]. One starts with the Constrained Hartree-
Fock-Bogoliubov (CHFB) theory of the potential energy
surface, and constructs a collective Hamiltonian from the
potential energy surface and the information about the
kinetic energy operator obtained from the wave func-
tions on that surface. The finite-range density-dependent
Gogny interaction D1S is used throughout; the only pa-
rameters in the theory are those of D1S [10, 11]. The
microscopic collective Hamiltonian (5DCH) is formally
similar to the Bohr Hamiltonian. It has six kinetic terms,
associated with three rotational moments of inertia and
three mass parameters stemming from the fluctuations
of axial and triaxial deformations. The rotational mo-
ments of inertia are obtained using the Thouless-Valatin
prescription from the CHFB solutions in the presence of
a small rotational field. We emphasize that there are no
adjusted parameters in the present treatment of the ro-
tational moments of inertia. The mass parameters are
calculated by the Inglis-Belyaev formula, which only re-
quires local information about the CHFB solutions on the
grid points of a mesh in deformation space. This is suffi-
cient information to construct the collective Hamiltonian,
but not enough to compute matrix elements. For that,
one needs the overlaps between states of different defor-
mations. This is also computed using a local approxima-
tion [5]. The local approximations are quite accurate for
heavy open shell nuclei, but break down when applied to
doubly magic nuclei, because the overlap between CHFB
states is not sharp enough [2]. We therefore exclude those
nuclei from this study. The properties we discuss are the
excitation energy E, the transition quadrupole moment
〈2||Qˆ2||0〉 between the ground and the excited states, and
the spectroscopic quadrupole moment Q(2+) of the ex-
cited state.
II. RESULTS
There are 557 even-even nuclei with known 2+ excita-
tion energies as of compilation by Raman et al. in 2001
[1]. Their excitation energies span more than two orders
of magnitude, presenting a very substantial challenge to
any global theory of nuclear structure. In our study here
we limit our scope somewhat by excluding the very light
nuclei (Z or N < 8), for which mean field theory is least
justified. This eliminates 16 nuclei. Also, the mapping of
the CHFB to the collective Hamiltonian becomes prob-
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FIG. 1: Scatter plot of 519 even-even nuclei as a function of
their experimental and theoretical 2+ excitation energies.
lematic for rigid spherical nuclei such as the doubly magic
ones. An additional 23 nuclei have been eliminated for
that reason, leaving 519 nuclei in the present study. We
first discuss the energies and then the quadrupole prop-
erties of the nuclei
A. Excitation energies
Fig. 1 shows a scatter plot comparing experimental and
theoretical excitation energies. The points follow the di-
agonal line fairly well with some scatter that varies in
extent over the different excitation energy regimes. The
lowest energies are for the heavy, strongly deformed ac-
tinide nuclei; the theoretical energies here are the most
accurate (on a logarithmic as well as absolute scale). At
excitation energies of 1 MeV and higher, the theory has
only a qualitative predictive power, with errors ranging
to a factor of 2 and larger. In the middle the theory im-
proves but one can see a few nuclei far from the diagonal.
They correspond to neutron-deficient isotopes of Hg and
Pb, where there is a near-degeneracy of weakly deformed
oblate and well-deformed prolate structures.
To make a quantitative measure of the theoretical ac-
curacy, we compare theory and experiment on a loga-
rithmic scale, examining the statistical properties of the
quantity RE = log(Eth/Eexp). Here Eth and Eexp are the
theoretical and experimental excitations energies, respec-
tively. A histogram of distribution of the RE ’s is shown
in Fig. 2. One can see that there is a bias to positive val-
ues of RE , i.e. an overprediction of the excitation energy.
For the set of 519 nuclei, the average is R¯E = 0.12. Thus,
there is a systematic bias to overestimate the excitation
energy by 12%.
The width of the distribution is the important quan-
tity to determine the accuracy and reliability of the the-
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FIG. 2: Histogram of the logarithmic errors RE, RQ of the
present theory. Left panel: energies of the first excited
2+ states for 519 of the 557 nuclei whose excitation ener-
gies are tabulated in ref. [1]; right panel: matrix elements
〈2||Qˆ2||0〉 for the transition between the ground and first ex-
cited state for 318 of the 328 nuclei whose B(E2) values are
tabulated in ref. [1].
ory. One can see from the histogram that the peak in
the distribution extends from RE about -0.25 to +0.50,
with a small tail going much farther from zero. A single
number cannot be adequate to express the width of such
a distribution, but for purposes of future comparisons
with other theories we report the root mean square devi-
ation of RE about its mean. This measure comes out to
σE ≡ 〈∆R
2
E〉
1/2 = 0.33. This implies that typical errors
are around -30% on the low side to +40% on the high
side after correcting for the systematic bias. While these
results may seem disappointing, one should remember
that present predictions are from a global theory with no
parameter adjustment.
B. Quadrupolar properties
The compilation of Raman et al. includes 328 mea-
sured quadrupole transition rates. Of these, 318 met the
conditions for applying the 5DCH theory. The compari-
son between theoretical and experimental reduced tran-
sition rates B(E2, 0+ → 2+) are shown as a scatter plot
in Fig. 3. One sees that the theory is quite accurate for
the largest values; these are the actinide nuclei which are
both heavy and strongly deformed.
For a quantitative measure of the accuracy of the the-
ory, we define RQ = log
(
〈2||Qˆ2||0〉th/〈2||Qˆ2||0〉exp
)
, the
logarithm of the ratio of the transition matrix elements.
The distribution of RQ values is plotted as a histogram
in the right panel of Fig. 2. We see that the distribution
is narrow and centered close to zero. The average of RQ
values is 0.10, corresponding to a matrix elements 11%
too large on average. The dispersion σQ is 0.21, corre-
sponding to a range of +20/ − 19 % about the center
value.
Next we examine the spectroscopic quadrupole mo-
ments of the first excited 2+ states. The comparison
with experiment for 98 nuclei is shown in Fig. 4 on lin-
